
Moiré of rays and circular inversionIn this article we explore a geometric correspondence between moiré patterns andinversive geometry. Specifically, it will be shown that the moiré fringes produced by twohorizontally shifted radial gratings form an elliptic pencil of circles. We then prove that thisfamily of moiré circles is identical to the circles generated by applying a circular inversionto a bundle of concurrent lines. For the next section we use the indicial equation method,see our previous article [1] and references therein. For the historical context, see also [2].
Radial rays. We consider two bundles of evenly distributed radial lines. The first bundle’scenter is at the origin (0, 0), and the second is horizontally shifted by a distance s to (s, 0).The two families of lines are defined by their angles, α and β:

y = x tanα
y = (x − s) tanβFor this case, the indices of the families are the angles themselves. The indicial equationis a simple relationship between these angles:
α − β = qwhere q is a constant that indexes the resulting moiré fringes.

Step 1: Solve for the indices α and β from the line equations.
α = arctan (yx )

β = arctan ( y
x − s

)
Step 2: Substitute these expressions into the indicial equation.

arctan (yx )− arctan ( y
x − s

) = q

Step 3: Simplify the equation. To simplify, we take the tangent of both sides. Let
k := tan(q), which is a constant for each moiré fringe. For the tangent of a difference we canmake use of the subtraction formula, tan(α − β) = tanα−tanβ1+tanα tanβ , where we insert tanα = y/xand tanβ = y/(x − s):

k = y
x −

y
x − s1 + y
x

y
x − s

= −ys
x2 − sx + y2

Rearranging this expression gives:
k(x2 − sx + y2) + ys = 0

Note: When k = 0, the equation simplifies to y = 0, representing the x-axis. For k 6= 0, wedivide by k and complete the square:(
x − s2)2 + (y+ s2k )2 = s24

(1 + 1
k2
)

Result. The final equation describes a family of circles. Each circle is centered at ( s2 , − s2k )with a radius of |s|2 √1 + 1
k2 , where k = tan(q). A GeoGebra demonstration for this can beseen in [4].
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Figure 1. An elliptic pencil of circles as moiré lines from two ray bundles.
Concurrent lines under circular inversion. The moiré circles derived in the previous section,intersect at two distinct points: (0, 0) and (s, 0). This is mathematically known as an elliptic
pencil of circles. To obtain this exact family of circles via a circular or circle inversion, wemust invert a family of concurrent lines (lines radiating from a point or rays).Let us invert a family of lines passing through a fixed point (d, 0) on the x-axis. Theequation for such a family is:

y = m(x − d)where m is the varying slope parameter of the lines (with the vertical line x = d corre-sponding to m →∞). Applying a circular inversion OP · OP ′ = R2, where the origin O isthe center of inversion and R is the radius of the inversion circle we get (see e.g. [3]):
y′R2

x ′2 + y′2 = m
(

x ′R2
x ′2 + y′2 − d

)
Multiplying both sides by x ′2+y′2

d and rearranging the terms gives:
x ′2 + y′2 − R2

d x
′ + R2

mdy
′ = 0

Let us define the distance s = R2
d . Substituting this into our inverted equation yields:
x ′2 + y′2 − sx ′ + s

my
′ = 0

If we now set k = m and multiply by k the equation perfectly matches our moiré result:
k(x ′2 − sx ′ + y′2) + y′s = 0

Conclusion. The moiré fringes of two horizontally shifted radial gratings generate an ellipticpencil of circles passing through the centers of the two gratings. Under circular inversion,this family corresponds exactly to the inversion of a bundle of concurrent lines with uniformangular distribution, i.e. the same kind of lines we used in the first section.
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Figure 2. An elliptic pencil of circles (blue) from a ray bundle (white) undercircular inversion.
Appendix: Parallel lines under circular inversion. We analyze the circular inversion of a family of parallel lines. Withoutloss of generality, consider a family of parallel lines defined by x = c, where c is a parameter representing different lines.Applying a circular inversion centered at the origin with radius R , the coordinates transform as x = x ′R2

x ′2+y′2 and
y = y′R2

x ′2+y′2 . Substituting x into our line equation gives:
x ′R2

x ′2 + y′2 = c =⇒ x ′2 + y′2 − R2
c x

′ = 0
Completing the square yields: (

x ′ − R
22c
)2 + y′2 = (R22c

)2
This equation describes a family of circles tangent to the y-axis at the origin. Because they only intersect at one singlepoint, they form a parabolic pencil of circles.
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