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Ficure 1. A side view of a parabola. Is it still a parabola?

1. THE PROJECTILE TRAJECTORY: PATH CURVE AND SIDE VIEW

1.1. Equation of motion and its solution. Let us briefly recap oblique projectile motion under
the influence of the constant gravitational acceleration g. Let the trajectory of a point mass be
7t) = (x(t), y(t), z(t)), where z denotes the vertical direction. The equation of motion reads

A =-ge, A0 =, A0)=70.
Since the right-hand side is constant, integrating twice immediately gives
(1) At) = 7o + 00— 382,
This is the form we shall exploit below: #t) is a function of t that is affine-quadratic, namely of the
shape
(2) A =p+ti+2d®,  p=r, i=70, ©=-1ge,.
Tlle vector @ is constant here (independent of the initial conditions) and always points in the direction
—€y.
1.2. The geometric core. This section concerns two statements:

(1) The well-known trajectory is a parabola.
(2) A parabola, viewed from the side, remains a parabola.

Consider a curve
(3) y(t)y=p+tii+t>@®,  p,id,de R
If if and @ are linearly independent, they form a basis of the plane. Defining a linear map M by
Meé, = i, Mé, = @, the corresponding 2 X 2 matrix is invertible (since i, @ form a basis), and it follows
that

MYyt = MG+ te) + 2 8.

In the coordinates (&, 1) = MYy () — M~ we thus have & = t, ) = #?, and hence
(4) n=¢&:
a standard parabola’. Since M~! is again linear and, in particular, an affine map?, the image of y itself
is also a parabola.

Twith g = const. we have assumed a homogeneous gravitational field. In the real gravitational field of the Earth (a
central force), the trajectories are conic sections and only in special cases parabolas; the parabola here arises only as a local
approximation close to the Earth’s surface.

2 Affine maps take lines to lines, leave the line at infinity fixed as a whole (mapped onto itself, though not necessarily
pointwise), and, being isomorphisms, preserve the intersection multiplicity of a curve with that line; in particular, a
tangency (tangential order 2, the hallmark of the parabola) remains a tangency.
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If, on the other hand, i/ and @ are linearly dependent (parallel, or one of the two is 6), then all
points y(t) lie on the line through ' spanned by i/ (or by @, if if = 0); the image is thus contained in a
line, in general the entire line (or, if additionally # = @ = 0, only the point p).

We may thus record the following: the image of y from (3) is

— a parabola, if # and @ are linearly independent,
— aline or a point, if i and @ are linearly dependent.

1.3. Parabola as trajectory. From (2) it follows first of all that x and y are linear functions of ¢, while z
depends quadratically on t. In particular, the horizontal projection t = (x(t), y(t)) is a uniform motion

along a line with direction (v, vy) and speed v, = /0% + U?,. The entire trajectory therefore lies in the

vertical plane E spanned by this line and the z-axis.
Introducing in E the coordinate s (the horizontal distance from the start, measured in the direction
of motion), we have s(t) = v, t, hence t = s/vy, (provided v, # 0), and from (1)

_ (%7 g 2
(5) z(s) = zg + o s 20%1 s
In the coordinates (s, z) of E, this is precisely of the form (3) with i = (1, v,/vn) and @ = (0, —g/ (Zv%)):
these two vectors are linearly independent as long as ¢ # 0. By the fact established above, the
trajectory, viewed within the plane E, is thus the parabola (5).
(In the special case v, = 0, that of vertical projectile motion, the trajectory degenerates to a line,
since then i/ = 7)) is parallel to @ || &, i.e. linearly dependent: without horizontal motion there is no
parabola.)

Ficure 2. The trajectory (5) (blue) in the plane of motion E: a parabola with coordinate
s (horizontal) and z (vertical). Dashed (red): view of the trajectory rotated by 50°
about the z-axis. A 3D animation can be found at www.sqrt.ch/Buch/parabel

1.4. A side view of a parabola is again a parabola. We now consider not merely the plane E, but an
arbitrary “view from the side”: that is a parallel projection® 7t of the space R® onto an image plane,
i.e. an affine map n(¥) = M7+ b with a linear map M : R3 — R? (corresponding to the direction of

projection) and a translation b.
Applying 7 to the trajectory (2), the linearity of M gives

(6) @) = (MF+D) +t Mi +# M@ .
N—— N——
_— =i’ =0’

This is again precisely of the form (3): an affine-quadratic curve in the image plane, with the same
coefficients 1 and #2 in t. By the fact established above, the image is

— aparabola, if i’ = Mil and @’ = M are linearly independent (the normal case of a genuine
“side view”),

3S’cric’cly speaking, a photograph is a perspective (central) projection, not a parallel projection, and hence not an affine
but a projective map. Under projective maps a parabola can indeed become an ellipse or a hyperbola. The invariance
shown here therefore holds exactly only for parallel projections (e.g. a shot taken with a strong telephoto lens from a great
distance, which approximates a parallel projection); for an ordinary close-up shot it holds only approximately.
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— a line (or, in the special case i/’ = 6, only a ray of one), if i’ and @’ are linearly dependent,
which happens precisely when the line of sight (the kernel of M) itself lies within the plane
of motion E, i.e. when one is, so to speak, looking “into the flight path”. This concerns not
merely the view exactly along i/ or exactly along @, but every line of sight within E.

For every line of sight outside E — that is, for practically every side view — the trajectory thus remains
a genuine parabola; only the narrow exception of lines of sight within E yields a line.

2. THE SURFACE OF A ROTATING LIQUID

If a cylindrical vessel containing a liquid is rotated rapidly, the free surface of the liquid forms a
parabola in cross-section.

2.1. Equilibrium of forces at the surface. Consider a liquid rotating with constant angular velocity
@ about the vertical z-axis. In the co-rotating reference frame, a liquid element of mass m at distance

r from the axis of rotation experiences, in addition to the force of gravity Fg, also the centrifugal force
F 7. The total force is

F=F,+Fc

Ficure 3. Equilibrium at the surface of the rotating liquid: the centrifugal force
Fz = ma?r and the force of gravity Fg = mg add up to the total force F, which stands
perpendicular to the surface, whose angle of inclination is a (tana = dz/ dr).

In equilibrium, F must be perpendicular to the surface of the liquid*; equivalently, the tangent to
the surface must be inclined at an angle a to the horizontal such that it is exactly perpendicular to F.
From the triangle of forces with magnitudes Fz = mw?r and Fg = mg we read off

Fy;  ma?r 2y

tana = — = = —.
Fc  mg g

On the other hand, tan « is nothing other than the gradient of the surface z(r) at that point, i.e.

zZ
tana = —.

dr

Equating the two expressions for tan « yields the differential equation of the surface

2 2
%:w_r = dz=Lrdr
dr g

4The surface is free, i.e. the same (atmospheric) pressure prevails everywhere on it. If Fhada component along the surface,
it would accelerate the liquid there, rather than allowing it to remain at rest. In equilibrium this tangential component must
therefore vanish, and F stands perpendicular to the surface. Cf. e.g. Bohl, W.; ElImendorf, W.: Technische Strémungslehre.
15th, revised edition. Vogel Communications Group GmbH & Co. KG, Wiirzburg, 2014. ISBN: 978-3-8343-6183-7. Chap. 2.1:
Formation of the free surface.
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2.2. Integration: the shape of the surface. We integrate from the axis (r = 0, z = zp) to the radius r

(height z):
Z 2 r
f dz = Y f r dr.
Zp 8 Jo

2

The right-hand side gives 372, hence

W
zZ—2Z0= — 1’2,
28
and thus
2
(7) z(r) = g)_g 7 + 2.

The surface of a rotating liquid is thus, just like the trajectory of a projectile, a parabola, this time as a
function of the radius r and with its vertex at zg on the axis of rotation.

2.3. Forces and centripetal acceleration at the surface (stationary frame). We now consider the
liquid from a stationary (inertial) frame of reference. A liquid element of mass m at distance r from
the axis of rotation moves on a circular path with constant angular velocity w and therefore requires
a centripetal force directed towards the axis

FZP =m a)zr.
In the inertial frame, only two real forces act on the element: the force of gravity Fs (magnitude mg,

directed vertically downwards) and the normal force N, with which the surrounding liquid presses
perpendicularly on the surface element. For the element to follow the circular path, the sum of these
two forces must equal precisely the centripetal force (the resultant force):

F)N + ﬁG = ﬁzp.

r

Ficure 4. Forces on the surface element in the inertial frame: the normal force Fy and
the force of gravity Fg = mg add up to the centripetal force Fzp = ma?r, which points
horizontally towards the axis of rotation. The angle of inclination « of the surface
follows from tana = dz/ dr.

Resolving this vector equation into a vertical and a radial component, it follows that: in the
z-direction the element experiences no acceleration, so the vertical component of F\y must compensate
the force of gravity:

Fncosa = mg.
In the radial direction, the horizontal component of Fy supplies exactly the required centripetal force:

Fysina =m W7,

Dividing the two equations gives
Fysina 2y
tana = — = —.
Fncosa g

Since tan a is, at the same time, the gradient of the surface z(r) at that point,

tana = =

S dr’

we again arrive at the same differential equation of the surface.
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